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Abstrat
If the onstituent partiles of uid phases interat via long-ranged van der Waals fores,
the eetive Hamiltonian for interfaes between suh uid phases ontains - in lateral Fourier
spae - non-analyti terms ∼ q4 ln q. Similar non-analyti terms haraterize the eetive
Hamiltonian for two interating interfaes whih an emerge between the three possible o-
existing uid phases in binary liquid mixtures. This is in ontrast with the struture of
the phenomenologial Helfrih Hamiltonian for membranes whih does not ontain suh non-
analyti terms. We show that under favorable onditions for the bulk densities haraterizing
a binary liquid mixture and for the long-ranged interpartile interations the orresponding
eetive Hamiltonian for a model uid membrane does not exhibit suh non-analyti ontri-
butions. We disuss the properties of the resulting eetive Hamiltonian, with a partiular
emphasis on the inuene of the long range of the interations on the oeient of the bending
rigidity.
1
1 Introdution
In order to be able to desribe nonplanar ongurations of interfaes and membranes, the
derivation and use of orresponding eetive Hamiltonians has been studied intensively [13℄.
Depending on the environment and their internal omposition interfaes and membranes an
display rather omplex behaviors [4℄. A partiular lass of suh systems is formed by the
ubiquitous uid-uid interfaes and uid membranes. In the ase of interfaes the eetive
Hamiltonian takes on a apillary-wave like struture [5℄ while membranes are usually desribed
in terms of the so-alled Helfrih Hamiltonian [6℄.
On the phenomenologial level the eetive Hamiltonian ontains two types of ontributions:
the rst is related to the possible hange of the interfae or membrane area and is ontrolled
by the oeient σ0 of the surfae tension while the seond ontribution is proportional to
the square of the loal mean urvature of the interfae or membrane and is ontrolled by the
oeient κ of the bending rigidity. In the following we onsider utuating interfaes or
membranes whih are planar on the average and do not hange their topology; thus ontribu-
tions due to the Gaussian urvature do not matter. In lateral Fourier spae the ontribution
from the q-mode f˜(q) of a loal height onguration to the eetive Hamiltonian is propor-
tional to |f˜(q)|2 (qa)2 σ(q), where a is a mirosopi length sale proportional to the partile
diameter and σ(q → 0) = σ0 + κ (qa)
2
.
Here we fous on the ensuing struture of the eetive Hamiltonian for systems in whih the
interpartile interations are of the long-ranged van der Waals type. This issue beomes aute
if one tries to justify and to derive the phenomenologial apillary-wave Hamiltonian from a
mirosopi theory suh as, e.g., density funtional theory [5℄. In suh approahes it turns
out that for interfaes between uid phases in systems governed by long-ranged fores the
eetive surfae tension σ(q) exhibits the form σ(q → 0) = σ0 + σ1 (qa)
2 ln(qa) + κ (qa)2,
and thus ontains a leading non-analyti term σ1 (qa)
2 ln(qa) with σ1 > 0 whih is not ap-
tured by phenomenologial approahes. This logarithmi singularity in Fourier spae an be
traed bak to the divergene of the third and higher moments of the interpartile intera-
tion potentials deaying as funtion of the distane ∼ r−6. For uid interfaes the presene
of suh a non-analyti ontribution has been established theoretially [710℄. This implies
that for small q 6= 0 one has σ(q) < σ0 whih has been onrmed also experimentally for
various systems [11℄ as well as in some simulations [12℄ but not in all [13℄. On the other
2
hand suh non-analyti terms are absent in the eetive Helfrih Hamiltonian for membranes
whih, however, suessfully desribes various properties of uid membranes. This is puzzling
beause the partiles making up membranes invariably also exhibit long-ranged van der Waals
interations whih in turn should lead to non-analytial bending ontributions.
Our objetive is to onstrut a simple model of a uid membrane based on the extension of
a model of two interating uid-uid interfaes. We want to hek under whih onditions, if
any, the absene of non-analyti terms of the type σ1 (qa)
2 ln(qa) in the eetive Hamiltonian
for a membrane is possible, and what kind of inuene on the remaining terms these ondi-
tions have. In the following setion we reall the relevant results onerning the struture of
the apillary-wave Hamiltonian. In Set. 3 we disuss a simple model of uid membranes
in a system with long-ranged fores whih is based on a model of two interating uid-uid
interfaes in a binary liquid mixture. We establish the onditions under whih the eetive
Hamiltonian for the uid membrane is free from non-analytiities present in the orrespond-
ing apillary-wave Hamiltonian for the interfae and is thus ompatible with the struture of
the Helfrih Hamiltonian. In Set. 4 we ompare our preditions for the resulting eetive
Hamiltonian with those disussed in the literature.
2 Eetive Hamiltonian for a uid-uid interfae
In this setion we reall the basi fats pertinent to the struture of the apillary-wave Hamil-
tonian Hcw[f ] for a uid-uid interfae. Its loal height relative to the referene plane
z = 0 is desribed by the funtion z = f(R), where R = (x, y) denotes the lateral oor-
dinates. Various aspets of this struture have been disussed in the literature. In partiular,
the issue of a loal versus a non-loal struture of Hcw[f ] has been extensively analyzed
for the ases of short-ranged (exponentially) and long-ranged (algebraily) deaying intera-
tions [710, 14℄. A suitable framework for analyzing suh issues is density funtional the-
ory for non-uniform uids. This analysis is partiularly straightforward if the non-uniform
one-omponent uid density ρ(R, z) assoiated with an interfae onguration f(R) is ap-
proximated within the so-alled sharp-kink approximation by a pieewise onstant funtion
ρshk(R, z) = ρβ Θ(f(R)− z) + ραΘ(z− f(R)), where ρα and ρβ denote the bulk densities of
the oexisting uid phases α and β, and Θ(z) denotes the Heaviside funtion. If, moreover,
3
the eetive Hamiltonian is trunated to be bilinear in f , it an be written as [79℄
Hcw[f ] =
1
2
∫
d2q
(2π)2
∣∣∣f˜(q)∣∣∣2 q2 σ(q) (1)
where
f˜(q) =
∫
d2Rf(R) exp(−iq ·R) . (2)
The wavevetor dependent surfae tension σ(q) in Eq.(1) is given by
σ(q) = q−2 [ w˜(q)− w˜(0) ] (ρα − ρβ)
2 , (3)
where w˜(q) denotes the Fourier transform of the long-ranged part of the spherially symmetri
interpartile interation potential w(r = |(R, z)|) taken with respet to the lateral oordinates
for z = 0:
w˜(q) =
∫
d2Rw(|(R, z = 0)|) exp(−iq ·R) . (4)
It has turned out to be suitable to adopt for the long-ranged part of the van der Waals pair
potential w(R, z) the form
w(|(R, z)|) = −
A
(R2 + z2 + a2)3
, (5)
where a orresponds to the hard ore radius of the uid partiles and A > 0 haraterizes the
strength of the attrative interpartile interation. For q¯ = qa ≪ 1 the ensuing σ(q) has the
following non-analyti form:
σ(q) = σ0 + σ1 q¯
2 ln(q¯) + σ2 q¯
2 +O(q¯4) , (6)
where σ0 =
Api
8 a2
(ρα − ρβ)
2 > 0, σ1 =
1
4σ0 > 0, σ2 =
1
4 σ0C0 < 0, C0 = CE − 3/4 − ln 2 =
−0.866, and CE denotes Euler's onstant.
A more realisti approah to determine σ(q) [9℄ takes into aount the inuene of loal
interfaial urvatures on the atual smooth intrinsi density prole. The eetive Hamiltonians
for interfaes both in one-omponent [9℄ and in binary liquid mixtures [10℄ have been analyzed
along these lines. For long-ranged van der Waals interations in eah ase the presene of non-
analyti terms in σ(q) (Eq.(1)) has been established.
4
3 A model of a uid membrane
For the omparison between eetive Hamiltonians for uid-uid interfaes and uid mem-
branes it is partiularly suitable to onsider binary liquid mixtures. Upon speial hoies of
the thermodynami onditions these systems allow for the oexistene of three uid phases
denoted as α, β, and γ. In the presene of appropriately hosen boundary onditions or ex-
ternal ordering elds one an onsider a situation in whih a layer of - say - phase β with
mean thikness ℓ separates the phases α and γ [15℄. In suh a system there are two uid-uid
interfaes the positions of whih are denoted by fαβ(R) and ℓ + fβγ(R). They separate the
phases α, β and β,γ, respetively, (see Fig. 1). We note that although the system is har-
Figure 1: The system under onsideration onsists of two uid-uid interfaes fαβ(R) and ℓ+fβγ(R)
separating the phases α, β and β, γ, respetively, and utuating around their mean positions z = 0
and z = ℓ, respetively.
aterized by six number densities ρiλ, with i = 1, 2, and λ = α, β, γ, where ρiλ denotes the
number density of the i-th omponent in phase λ, three-phase oexistene allows for only one
independent thermodynami variable suh as temperature; on the orresponding triple line
the hemial potentials µ1(T ) and µ2(T ) of the two speies are xed. In addition there are
three interpartile interations present in the system: two among the two speies and one
between the dierent speies. They are assumed to be spherially symmetri and are denoted
by wij(r) = wji(r) = wij(|(R, z)|) with i, j = 1, 2.
For suh a system ontaining two interfaes the apillary-wave Hamiltonian
Hcw([fαβ , fβγ ], ℓ) is a funtional of the two interfaial positions fαβ(R) and fβγ(R) and a
funtion of the distane ℓ. Applying the sharp-kink approximation to the density funtional
for binary liquid mixtures desribed, e.g., in Refs. [8,10℄ yields within the bilinear approxima-
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tion, whih retains non-loality, the following form:
Hcw([fαβ, fβγ ], ℓ) =
1
2
∫
d2q
(2π)2
{
2 f˜αβ(q) f˜βγ(−q) w˜αβ,βγ(q, ℓ) (7)
+
∣∣∣f˜αβ(q)∣∣∣2 [q2 σαβ(q) − w˜αβ,βγ(0, ℓ) ] + ∣∣∣f˜βγ(q)∣∣∣2 [q2 σβγ(q) − w˜αβ,βγ(0, ℓ) ]
}
,
where
w˜λκ,ηδ(q, z) =
2∑
i,j=1
(ρiλ − ρiκ)(ρjη − ρjδ)
∫
d2R exp(−iq ·R)wij(R, z) (8)
and [8, 10℄
σλκ(q) = q
−2 [w˜λκ,λκ(q, z = 0)− w˜λκ,λκ(q = 0, z = 0)] . (9)
The above results an serve as a starting point to onstrut a simple model of a uid membrane.
To this end we take the two interfae ongurations to be in phase, i.e., fαβ(R) = fβγ(R).
This renders a model uid membrane onsisting of phase β embedded on one side by phase α
and on the other side by phase γ. The thikness ℓ of the membrane is uniform and its upper
and lower boundaries have the same shape desribed by f(R) = fαβ(R) = fβγ(R). In this
ase and within the bilinear approximation the apillary-wave Hamiltonian redues to:
H([f ], ℓ) =
1
2
∫
d2q
(2π)2
∣∣∣f˜(q)∣∣∣2 γ(q) q2 , (10)
with
q2 γ(q) =
2∑
i,j=1
{[ (ρiα − ρiβ)(ρjα − ρjβ) + (ρiβ − ρiγ)(ρjβ − ρjγ)] [w˜ij(q, 0)− w˜ij(0, 0)]
+ 2 (ρiα − ρiβ)(ρjβ − ρjγ)[w˜ij(q, ℓ)− w˜ij(0, ℓ)] } . (11)
With the hoie
wij(|(R, z)|) = −
Aij
(R2 + z2 + a2ij)
3
(12)
for the long-ranged interpartile potentials one has
w˜ij(q, ℓ)− w˜ij(0, ℓ) =
π
8
Aij
[
q2
a2ij + ℓ
2
+
q4
4
(
ln(q
√
a2ij + ℓ
2) + C0
)]
. (13)
For reasons of simpliity in the following we assume aij = a, i, j = 1, 2. This hoie leads to
the following expression for γ(q):
γ(q) = γ0 + γ1 q¯
2 ln q¯ + γ2 q¯
2 +O(q¯4) , (14)
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where, with ℓ¯ = ℓ/a,
γ0(ℓ) =
π
8 a2
2∑
i,j=1
Aij { [(ρiα − ρiβ)(ρjα − ρjβ) + (ρiβ − ρiγ)(ρjβ − ρjγ)]
+
2
1 + ℓ¯
2 (ρiα − ρiβ)(ρjβ − ρjγ)
}
, (15)
γ1 =
π
32 a2
2∑
i,j=1
Aij (ρiα − ρiγ)(ρjα − ρjγ) , (16)
and
γ2(ℓ) =
π
32 a2
2∑
i,j=1
Aij
{
ln
(
1 + ℓ¯
2
)
(ρiα − ρiβ)(ρjβ − ρjγ)
+C0 (ρiα − ρiγ)(ρjα − ρjγ)} . (17)
As expeted, similar to the ase of single interfae (Eq.(6)) the eetive Hamiltonian for
the model uid membrane ontains a non-analyti ontribution γ1 q¯
4 ln q¯. In this sense the
struture of the eetive Hamiltonian given by Eqs.(10,14-17) is not ompatible with the
phenomenologial Helfrih Hamiltonian ansatz whih for small membrane ondulations an be
expressed in its form as in Eq.(14) but with γ1 = 0.
Our purpose is thus to nd onditions under whih the oeient γ1 of the non-analyti
ontribution in Eq.(14) vanishes. There are two partiularly simple hoies of the number
densities ρiλ and the amplitudes Aij of the interation potentials whih fulll this requirement.
The rst hoie (I) puts onstraints on the densities of the phases α and γ and stipulates
ρiα = ρiγ i = 1, 2 (I) . (18)
This ondition imposes that the two phases on both sides of the membrane are idential. The
seond hoie (II) puts onstraints both on the interation amplitudes and on the densities.
First, it requires that
A12 =
√
A11A22 (IIa) (19)
whih leads to
γ1 =
π
32 a2
[√
A11 (ρ1α − ρ1γ) +
√
A22 (ρ2α − ρ2γ)
]2
. (20)
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The additional requirement
√
A11 (ρ1α − ρ1γ) = −
√
A22 (ρ2α − ρ2γ) (IIb) (21)
implies γ1 = 0. It is straightforward to show that the above ondition I (Eq.(18)) leads to
γ(I)(q) =
π
4 a2
[√
A11(ρ1α − ρ1β) +
√
A22(ρ2α − ρ2β)
]2
ϕ
(
q¯, ℓ¯
)
(22)
where
ϕ
(
q¯, ℓ¯
)
=
ℓ¯
2
1 + ℓ¯
2 −
q¯2
8
ln
(
1 + ℓ¯
2
)
. (23)
Interestingly, if the onditions (IIa) (Eq.(19)) and (IIb) (Eq.(21)) are imposed, the orre-
sponding eetive surfae tension γ(II)(q) has exatly the same form as for the rst ondition,
i.e., γ(II)(q) = γ(I)(q). The fat that the requirements (II), whih put onstraints on both
the densities and the interation amplitudes, lead to the same result as the requirement (I),
whih identies the phases α and γ but does not involve the interation amplitudes Aij , an be
understood as follows. We onsider a typial ontribution to the free-energy density funtional
whih desribes the interation between partiles loated in a region Vα of the binary liquid
mixture with a spei partile of type k, k = 1, 2, loated at r′ somewhere in the system.
This term is proportional to∫
Vα
d3r
∑
i
wik(r− r
′)ρiα ∼
∑
i
Aikρiα = A1kρ1α +A2kρ2α (24)
=
√
Akk
(√
A11ρ1α +
√
A22ρ2α
)
=
√
Akk
(√
A11ρ1γ +
√
A22ρ2γ
)
= A1kρ1γ +A2kρ2γ ,
where the onditions in Eq.(19) and Eq.(21) have been used. One onludes that this on-
tribution to the free-energy funtional has the same form as if the region Vα would be lled
with partiles with densities ρiγ instead of ρiα. But this is exatly the requirement in Eq.(18)
orresponding to hoie (I) whih identies the phases α and γ.
In the next setion we disuss the properties of the resulting eetive Hamiltonian.
4 Disussion
In the previous setion we showed that for speial hoies for the densities or the interpartile
interations in binary liquid mixtures there are no non-analyti ontributions to γ(q) in the
limit of small q (up to and inluding O(q2). This hoie eliminates the leading non-analyti
8
ontribution for any membrane thikness ℓ, beause γ1 does not depend on ℓ (see Eq.(16)).
It turns out that independent of whether onstraints of type (I) in Eq.(18) or of type (II)
in Eqs.(19, 21) are imposed the resulting eetive Hamiltonian for the model uid membrane
takes the form given by Eqs.(10) and (22). The funtion γ(I)(q) in Eq.(22) is determined
by the bulk number densities ρiλ, i = 1, 2, λ = α, β, the interation strengths A11, A22, the
partiles size a, and the membrane thikness ℓ. The funtion γ(I)(q) fatorizes into a produt
of two funtions. The rst fator depends on the densities and interation strengths only and
is non-negative. The seond fator depends on q¯ and parametrially on ℓ¯ only; the parameter
a sets the sale for the variables q and ℓ. This seond fator, whih we denoted as ϕ(q¯, ℓ¯), is
partiularly interesting beause - ontrary to the rst fator - it an hange sign depending on
the values of q¯ and ℓ¯. This possibility of γ(I)(q) to hange sign appears beause the oeient
γ2 in Eq.(14) is inherently negative, i.e., the ontribution from the long-ranged fores to the
oeient of the bending rigidity is negative. (Note that within the sharp-kink approximation,
whih takes only the inuene of the long-ranged fores into aount, also σ2 is negative (see
Eq.(6) and the expressions following it).) This onlusion heks qualitatively with a reent
analysis by Dean and Horgan [16℄ who have expressed the oeient of the bending rigidity
in terms of the membrane thikness and the dieletri onstants of the membrane (ǫ) and of
the surrounding medium (ǫ′):
γDH2 (ℓ) = −
3kBT
128π
(
ǫ− ǫ′
ǫ+ ǫ′
)2
ln
(
1 + ℓ¯
2
)
. (25)
Dean and Horgan [16℄ have not disussed the issue of the presene of non-analyti terms in the
eetive Hamiltonian. However, our result and those in [16℄ agree onerning the funtional
form of the dependene of the oeient γ2(ℓ) on the membrane thikness ℓ. Within both
approahes the oeient of the bending rigidity depends logarithmially on the membrane
thikness, i.e., γ2 ∼ ln(1+ ℓ¯
2
). Of ourse realisti membrane models yield additional ontribu-
tions to the bending rigidity stemming from other types of interations present in the system.
In our approah only the long-ranged ontributions to the bending rigidity are onsidered.
In this latter ase the negative oeient γ2 of the bending rigidity in the presene of the
positive oeient γ0 of the surfae tension leads to an instability at small wavelengths of the
membrane ondulations. Aording to Eq.(23) this instability ours for
q¯2 >
8 ℓ¯
2
(1 + ℓ¯
2
) ln(1 + ℓ¯
2
)
(unstable; I, II) . (26)
9
On the other hand the wavevetors must be smaller than the physially allowed maximal one
q¯max . 1. This implies that the values of ℓ¯ for whih the instability an our fulll the
ondition
ℓ¯ > ℓ¯0 = exp
(
4
q¯2max
)
(unstable; I, II) . (27)
For q¯max = 1/2 one has ℓ¯0 = 9 × 10
6
. This ondition states that for membrane thiknesses
0 < ℓ¯ < ℓ¯0 the negative bending rigidity oeient does not give rise to instabilities for mem-
brane ondulations with wavevetors within the physially aessible range q¯ < q¯max.
Finally we mention that the vanishing of the oeient γ1 an also our in binary liquid
mixtures in whih the interations w11 and w22 are repulsive, i.e., A11, A22 < 0 while the
interations w12 are attrative, i.e., A12 > 0. (It is oneivable that suh a situation may arise
in multiomponent omplex uids with eetive interations between two dominating speies
upon integrating out the degrees of freedom of the smaller speies. This an our if the two
speies are oppositely harged.) This is a dierent situation from the one onsidered above in
whih all long-ranged interations were assumed to be attrative, i.e., A11, A22, A12 > 0. In
this present ase the onditions (IIa) and (IIb) are replaed by
A12 =
√
(−A11) (−A22) (IIIa) (28)
so that
γ1 = −
π
32 a2
[√
−A11 (ρ1α − ρ1γ) −
√
−A22 (ρ2α − ρ2γ)
]2
, (29)
and by
√
−A11 (ρ1α − ρ1γ) =
√
−A22 (ρ2α − ρ2γ) (IIIb) , (30)
respetively. It is straightforward to see that in this ase the eetive surfae tension denoted
as γ(III)(q) is given by
γ(III)(q) = −
π
4 a2
[√
−A11(ρ1α − ρ1β) −
√
−A22(ρ2α − ρ2β)
]2
ϕ
(
q¯, ℓ¯
)
. (31)
Aordingly the model uid membrane is unstable with respet to long-wavelength ondula-
tions:
q¯2 <
8 ℓ¯
2
(1 + ℓ¯
2
) ln(1 + ℓ¯
2
)
(unstable; III) . (32)
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This implies that for ondulations with given q¯-values only membranes with thiknesses
ℓ¯ < exp
(
4
q¯2
)
(unstable; III) (33)
are unstable.
To summarize, we have shown that it is possible to hoose onditions under whih the leading
non-analyti ontribution to the eetive Hamiltonian of a uid membrane in the presene of
long-ranged fores vanishes. One of them amounts to the requirement that the embedding
phases on both sides of a uid membrane are idential. We have also heked that the on-
tribution from long-ranged fores to the oeient of the bending rigidity is negative and we
have disussed the impliations on the stability of membranes with respet to ondulations.
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